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Cosmic expansion driven by real scalar field for different forms of potential
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We discuss the expansion of the universe in the FRLW model assuming that the source of dark
energy is either tachyonic scalar field or quintessence. The tachyonic scalar field with exponential
and power-law potential (function of homogeneous scalar field φ) both gives exponential expansion
of the universe. It is found that this behaviour is not distinguishable from the quintessence with
respect to these potentials.
PACS numbers: 95.36.+x, 98.80.Cq, 98.80.Es
I. INTRODUCTION
The observed accelerated expansion of the universe is
understood by different dark energy models. A class of
scalar fields is one of the promising candidate of dark
energy [1–3]. The dark energy is treated as scalar field
(tachyoinc or quintessence), among itself, the tachyonic
scalar field arising from string theory [4] (for different
reasons in our context) has been widely used in literature
[5–7].
The relativistic Lagrangian proposed [4] for the tachy-
onic scalar field φ gives the action as
A =
∫
d4x
√−g
(
R
16piG
− V (φ)
√
1− ∂iφ∂iφ
)
(1)
with tachyonic scalar Lagrangian
Ltach = −V (φ)
√
1− ∂iφ∂iφ (2)
and corresponding energy momentum tensor
T ik =
∂L
∂(∂iφ)
∂kφ− gikL (3)
gives the energy density and pressure as
ρ =
V (φ)√
1− ∂iφ∂iφ
; P = −V (φ)
√
1− ∂iφ∂iφ (4)
respectively. The spatially homogeneous approximation
of the field leads to the following forms of the above ex-
pressions
ρ =
V (φ)√
1− φ˙2
; P = −V (φ)
√
1− φ˙2. (5)
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where an overdot denotes the derivative with respect to
time (as in the rest of this paper). The conservation
equation of energy for this field is
ρ˙φ
ρφ
= −3Hφ˙2 (6)
where H represents the Hubble parameter.
The Friedmann equation for single component domi-
nated by scalar field can be written for flat geometry is
H2 =
1
3M2p
V (φ)√
1− φ˙2
(7)
where M2p =
1
8piG
The equation of motion of tachyonic
scalar field could be found by varying action (12) as
φ¨
φ˙
+
(1− φ˙2)V ′(φ)
φ˙V (φ)
+ 3H(1− φ˙2) = 0 (8)
here (′) and (˙) stand for derivative with respect to φ and
time t respectively
The energy density and pressure for spatially homoge-
neous quintessence scalar field can be obtained from the
Lagrangian
Lquin =
1
2
∂iφ∂
iφ− V (φ) (9)
as
ρφ =
1
2
φ˙2 + V (φ) Pφ =
1
2
φ˙2 + V (φ) (10)
and equation of motion is
φ¨+ 3Hφ˙2 + V ′(φ) = 0 (11)
with
H2 =
1
3M2p
[
1
2
φ˙2 + V (φ)
]
. (12)
For acceleration we have equation of state w < − 1
3
⇒
φ˙2 < 2
3
.
2II. COSMIC EXPANSION WITH
EXPONENTIAL AND POWER LAW
POTENTIALS
In this section we discuss the form of scale factor for
two particular potentials in two classes of scalar field
(tachyonic and quintessence). The expansion of the uni-
verse is driven by exponential form as discussed below
for each class.
A. Tachyonic scalar field with exponential potential
Here we assume that the form of exponential potential
is
V (φ) = V0 exp(−αφ) (13)
where α is constant. In inflation theory (slow-roll model),
the slow-roll of scalar field occurs during very small in-
terval of time gives the exponential form of scale factor.
We assume the late time accelerated expansion is proba-
bly same as early inflation. The slow-roll approximation
of early inflation could be taken in context of late time
accelerated expansion and we allow this approximation
during long period of time. With consideration of the
potential of the form (13) the Hubble parameter with
slow-roll assumption(i.e. φ˙2 << 1) for present acceler-
ated expansion era can be written as
H =
˙a(t)
a(t)
=
√
V0
3M2p
exp
(
−1
2
αφ
)
(14)
and the equation of motion of tachyon field with φ¨ ≃ 0
leads to
3Hφ˙ = −V
′
(φ)
V (φ)
= α (15)
equations (14) and (15) give
φ˙(t) =
α
3β
exp
(
α
φ
2
)
(16)
where β =
√
M2p
3V0
. The solution of the differential equa-
tion (16) gives
φ(t) = − 2
α
ln
[
−α
2
6β
t+ exp(−αφi/2)
]
(17)
where φi be the value of φ at time t = ti ∼ 0. Using
(17) in (14) we get expression of scale factor as function
of time is
a(t)
ai
= expβt
(
− α
2
12β
t+ exp(−αφi/2)
)
(18)
where ai is scale factor at time t = ti ∼ 0.
Consider the other exponential form of potential as
V (φ) = V0 exp
(
−αφ
γ
2
)
. (19)
This kind of potential gives
1
Θ
∫ φ
φi
φ1−γ exp
(
−αφ
γ
2
)
dφ = t (20)
where Θ =
3M2pαγ√
3V0
.
Θ(2− γ)t = φ2−γ exp
(
−αφ
γ
2
)
+
γα
2
f(φ) (21)
where
f(φ) =
∫ φ
φi
φ
2−γ
γ exp
(
−αφ
γ
2
)
dφ. (22)
After finding φ(t) from (21) and (22) it can be derived
the scale factor as function of time from the given ex-
pression
∫ a
ai
da
a(t)
=
√
V0
3M2p
∫ t
0
exp
(
−αφ
γ
2
)
dt. (23)
B. Tachyonic scalar field with power law potential
Using the same mechanism for the exponential poten-
tial using in the case of power law potential
V (φ) = V0φ
n (24)
we have the expression of φ(t) is
φ(t) =
[
φ
n+2
2
i +
α(n+ 2)
6β
t
] 2
n+2
(25)
where n is real. Using this expression of φ(t) in (8) with
conditions (φ˙2 << 1 and φ¨ ≃ 0) we get the expression
of scale factor as function of time for power law scalar
potential is
a(t)
ai
= exp

 3β2
α(n+ 1)

−φn+1i +
(
φ
(n+2)
2
i +
α(n+ 2)
6β
t
) 2(n+1)
(n+2)



 .
(26)
Assume the other form of power law potential is
V (φ) = V0(Aφ
χ +Bφχ−1) (27)
where A, B and χ are real constants. Using equation
of motion with slow-roll approximation for the form of
potential given by (27) we can find φ(t) as
3√
3V0
M2p
∫ φ
φi
(Aφχ +Bφχ−1)
3
2
(Aχφχ−1 +B(χ− 1)φχ−2)dφ = t. (28)
Scale factor of expansion can be derived from following
expression
∫ a
ai
da
a(t)
=
√
V0
3M2p
∫ t
0
(Aφχ +Bφχ−1)
1
2 dt. (29)
III. COSMIC EXPANSION WITH
EXPONENTIAL AND POWER LAW POTENTIAL
OF QUINTESSENCE SCALAR FIELD
A. Quintessence scalar field with exponential
potential
The Hubble parameter
H =
˙a(t)
a(t)
=
√
V0
3M2p
exp
(
−1
2
αφ
)
(30)
and equation of motion of quintessence field with φ¨ ≃ 0
give
3Hφ˙ = −V ′ = αV (φ) (31)
these two equations (30) and (31) gives
φ˙(t) = η exp
(
−αφ
2
)
(32)
where
η =
√
α2M2pV0
3
. (33)
Solution of (32) gives the functional form of φ(t) as
φ(t) =
2
α
ln
[ηα
2
t+ exp(αφi/2)
]
. (34)
Using (34) in (12) with φ˙2 << 1, provide the scale factor
as function of time is
a(t)
ai
= exp
[
ln
{ηα
2
t+ exp(αφi/2)
} 2β
ηα − βφi
η
]
. (35)
We use the other form of potential given by (19) to
find φ(t) from (30)
1
µ
∫ φ
φi
φ1−γ exp
(
−αφ
γ
2
)
dφ = t (36)
where µ = −αV0Mpγ√
3
. Scale factor of expansion for
quintessence scalar field in case of this exponential form
of potential is given by (23).
B. Quintessence scalar field with power law
potential
we have expression of φ(t) is
φ(t) =
[
φ
4−n
2
i −
n(4− n)V0
6β
t
] 2
4−n
. (37)
Using this expression of φ(t) with conditions (φ˙2 << 1)
in (12) and condition φ¨ ≃ 0) in (11) we get following
exponential form of scale factor
a
ai
= exp
[
− 3β
2
2nV0
{
φ
4−n
2
i −
n(4− n)V0
6β
t
} 4
4−n
− φ2i
]
.
(38)
The other power law form of potential given by (27),
we have the following expression for φ(t)√
3V0
M2p
∫ φ
φi
(Aφχ +Bφχ−1)
1
2
(Aχφχ−1 +B(χ− 1)φχ−2)dφ = t. (39)
From (29) we can get scale factor as function of time with
the help of expression (39).
IV. CONCLUSION
The mathematical analysis is carried out, and the im-
plications are investigated into, for two classes of scalar
field, namely tachyonic and quintessence with slow-roll
asumptions. We consider two forms of potential, one is
exponential function of φ and other is some power of
scalar field. It has been found that the tachyonic scalar
field gives exponential expansion for both potentials.
This is the same behaviour as in case of quintessence
fields and so is not distinguishable from it. The mecha-
nism to find potential for quasi-exponential form of scale
factor was discussed in [9] and here we have chosen a re-
verse operation for a given potential to explore the evo-
lution of scale factor as function of time.
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